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Abstract 

The main goal this work is to prove two results like Strauss and 
Lions for Orlicz-Sobolev spaces. After, we use these results for study 
the existence of solutions for a class of quasilinear problems in M^. 
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1 Introduction 

In recent years, a special attention has been given for quasilinear problems 
like 

" -div(a(|Vn|)VM) + V{x)a{\u\)u = f{u) in M^ 

u G W^La{^^) with A^ > 2, 

where V, / are continuous functions satisfying some technical conditions and 
a : [0, +oo) — 7- [0, +oo) is a C^'^-function. 

In general, the main goal involving this class of problem is to get a solution 
in the space VF^L^(M^), which denotes the Orlicz-Sobolev space obtained 
by the completion of C^iMJ^) with norm 

||u|| = ||Vtt||A + ll'^IU- 

We cite the papers of Bonano, Molica Bisci and Radulescu [1], Cerny 
[5], Clement, Garcia- Huidobro and Manasevich [6], Donaldon [9], Fuchs and 
Li [11], Fuchs and Osmolovski [12], Fukagai, Ito and Narukawa [TH [T4] . 
Gossez [15], Mihailescu and Raduslescu [171 [18], Mihailescu and Repovs [T9] . 
Santos [21] and references therein, where quasilinear problems like (P) have 
been considered in bounded and unbounded domains of M^. In some those 
papers, the authors have mentioned that this class of problem arises in a lot 
of applications, such as, nonlinear elasticity, plasticity and non-Newtonian 
fluids. 
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One of the most famous methods to get a solution for (P) is the variational 
method, where the weak solutions for (P) are precisely the critical points of 
the energy functional J : W^LaI^'^) — > K associated with (P), given by 



J{u)= A{\Vu\)+ V{x)A{\u\)- F{u). 

Jrn J^n J^n 

In [13], Fukagai, Ito and Narukawa have used the variational method to 
show the existence of a solution by assuming that function a verifies the 
following assumptions: 

The function a{t)t is increasing in (0, +00), that is, 

{a{t)t)' > 0, Vt > 0. (ai) 

There exist /, m G (1, A^) such that 

/■'*' IN mN 

where A(t) = / a(s)sds, I < m <l*A* = -— — - and m* = . 

Jq N -I N -m 

Using these hypotheses, the authors showed that A is a N-function 
satisfying the A2 - condition. Moreover, in that paper, it is mentioned some 
examples of functions A, whose function a{t) = A'{t) for t > verifies the 
conditions (ai) — (02). The examples are the following 

i) A{t) = \t\P for 1 < p < A^. 

Np 



a) A{t) = \t\P + |t|^ for 1 < p < q < N and q G {p,p*) with p* 



N -p 
III) A{t) = (1 + \t\y - 1 for 7 e (1, j^). 



-1 + \/l+4:N 

iv) A{t) = \t\Pln{l + \t\) for l<po<p<N-l with po = ^- . 



Motivated by [I3], more precisely, by hypotheses (ai) — (02) considered 
on function a, the main goal of the present paper is to prove that results like 



Strauss 



Strauss [22] and Lions [IE] also hold in the Orlicz-Sobolev W^La{E.^) for 
A{t) = J' a{s)sds, when the above conditions are assumed on a. Moreover, 
results of compactness have been proved for domain in M^, which are 
invariant by group 0{N). 

It is well known in the literature, that if the energy functional is invariant 
by rotations, some times it is possible to find radial solutions for (P). In this 
case, results like Strauss [22] can be an interesting tool. Once that we did not 
find in the literature a general result type Strauss for Orlicz-Sobolev spaces, 
the first result this article goes in this direction and it has the following 
statement 

Theorem 1.1 A result like Strauss for Orlicz-Sobolev space Assume 
that (ai) — (02) hold and let v G W^L^i^'^) be a radial function. Then 



\v(x)\ < A-^ 



C 



\x 



N~l 



[A{\v\) + A{\Vv\)] a.e m 



)iV 



where A ^ denotes the inverse function of A restricts to [0,+oo) and C is a 
positive constant independent of v. 

In the next result, we denote by W^LA,rad(M^) the subspace of 
VF^L^(M^) consisting of radial functions and by A^, the conjugate function 
of A 



compacidade 



Theorem 1.2 (A compactness result for radial functions Assume that 
(ai) — (02) hold and let B be a N-function verifying 



1- ^ 

t^o+ A{t) 



and 



lim 



Bjt) _ 
Then, the embedding W^LA,rad{^^) ^^ Lb\ 







0. 



!>N\ 



{Br 



{B2 



is compact. 



The Theorem 11.21 can be applied, when we intend to prove that some 
functional satisfies, for example, the well known Palais-Smale condition on 
the space of the radial functions. 

In the proof of Theorems 11.11 and 11.21 the reader is invited to observe that 
they are true assuming that A(t) = J^ a{s)s ds is a A^-function verifying the 



dolions 



DEFl 



A2 condition. Here, we have used conditions (ai) — (02) in those theorems, 
because they will assume in the applications that we will show in this article, 
see Theorem 11.51 below. 

Another important results are of the type Lions [16], however we did not 
find again results this type for Orlicz-Sobolev spaces. Motivated by this fact, 
we prove also the following result 

Theorem 1.3 (^ A result type Lions for Orlicz-Sobolev space ) 

Assume that (ai) — (02) hold and let {un) C VF^L^(M^) be a bounded sequence 
such that there exists R > satisfying 



0. 



lim sup / -4(|ix„|) 



Then, for any N-function B verifying A2- condition and 

B{t) 



and 



we have 



t^o A{t) 

m_ 

A^t) 







lim 

t|— i>+oo 



{B2) 



Un —> in Lb{ 



<)N\ 



The Theorem 11.31 is interesting because it can be used to prove the 
existence of critical points for energy functional J, when potential V is 
Z^- periodic. 

Our next result also can use to show some results of compactness involving 
WqLa{Q), when Q C M^ is an invariant open set by group 0{N). Before 
to state it, we need to fix some definitions and notations. To this end, we 
follow the spirit of Willem's book 



Definition 1.1 Let G be a subgroup ofO{N),y G M^ andr > 0. We define, 
m{y, r, G) = sup{n G N : 3gi, ..., g^ E G : j ^ k ^ Br{gjy) n Br{gky) = 0}- 



An open set Q C 
invariant subset Q C ' 



i^ is said invariant when gQ = Q for all g E G. An 
i'^ is compatible with G if, for some r > 0, 



lim 

\y\ — )■ +00 
dist{y, fi) < r 



m{y,r,G) 



-00. 



DEF2 Definition 1.2 Let G be a subgroup of 0{N) and let f2 C M^ a invariant 
set. The action of G on WqLa{^) is defined by 

gu{x) = u{g'^x) Vx G M^. 

The subspace of invariant functions is defined by 

WlaLAm = {ue W^L^in) ■.gu = u, ^g e G}. 

T5 Theorem 1.4 (A Compactness result involving the group 0{N). ) 
If Q is compatible with G and (oi) — (02) hold, the embedding 

WlaLAi^) ^ LBm, 
is compact, for any N-function B verifying A2- condition and 

lim:^ = (Si) 

t^o A{t) ^ ' 



and 

ItfATtx. A^ it) 



lim ^ = 0. {B, 



As an immediate consequence of the last result, we have the following 
corollary 



k 



Cl\ Corollary 1.1 Let Nj >2,j = 1, ..., k, Y7j=i Nj = N and 

G = 0{Ni) X 0{N2) X .... X 0{Nk). 
Then, the compact embeddings of Theorem\1.4\ occur with Q = M^. 



Motivated by above results, we study the existence of solution for some 
classes of quasilinear problem, by assuming that V : R^ ^ M is a continuous 
function verifying 

< H = inf V{x). (Vi) 



With relation to function / : M — )■ R, we assume that it is a C^-function 
satisfying the properties: 

hm -4^ = (/i) 



and 

|i|^+ooa4|t|)|t| 
where a*(t)t is such that Sobolev conjugate function ^4* of A (see Section 2) 

is its primitive, that is, A*(t) = / at,{s)sds. 

Jo 
There exists 6 > m such that 

< eF{t) = f f{s)ds < tf{t), for all tER\ {0}. (/s) 

Jo 

Our main result involving existence of solution for problem (P) is the 
following: 



gio2 Theorem 1.5 Suppose that (fi) — (f^) , (oi) — (^2) and (Vi) hold. Moreover, 
assume that one of the following conditions hold: 

i) V is a radial function, that is, 

V{x) = V{\x\), yxeR^, 

or 

ii) V is a TL^ periodic function, that is, 

y{x + y) = V{x) Va; G M^ and Vy G Z^. 

Then, problem (P) has a nontrivial solution. 

The plan of this paper is as follows. In Section 2, we review some 
proprieties involving Orlicz and Orlicz-Sobolev spaces. In Section 3, we prove 
the Theorems 11.11 11.21 11.31 and 11.41 In Section 4 is made the proof of Theorem 

2 A brief review about A^-function and 
Orlicz-Sobolev spaces 

In this section, we recall some properties involving the Orlicz and Orlicz- 
Sobolev spaces. The reader can find more properties involving these spaces 



in the books of Adams and Fournier [T], Adams and Hedberg [2], Donaldson 
and Trundiger [10], Fuchs and Osmolovski [12] and O'Neill [20] . 

First of all, we recall that a continuous function $ : M — )■ [0,+oo) is a 
iV-function if: 

a) $ is convex. 

b) $(t) = ^ t = 0. 

c )■ and — > +oo. 

t t 

d $ is even. 

In what follows, we say that a A^-function $ verifies the A2-condition if 

<^{2t) < $(t), Vt >0 

for some constant i^ > 0. This condition can be rewritten of the following 
way: For each s > 0, there exists Mg > such that 

$(st) <Ms^{t), Vt>0. (As) 

Fixed an open set Q C M^ and a A^-function $, the Orlicz space L$(f2) 
is defined. When $ satisfies As-condition, the space L^{Q) is the vectorial 
space of the measurable functions m : fi — )■ M such that 

$(!«!) < cx). 

o 

The space L$(f2) endowed with Luxemburg norm, that is, with the norm 
given by 



\u\\^ = mila>0: / <^(— ) < l}, 



is a Banach space. The complement function of $, denoted by $(s), is given 
by the Legendre transformation, that is 

$(s) = maxjst - <l>(t)|, for s > 0. 
t>o 



The functions $ and $ are complementary each other. Moreover, we have 
the Young's inequahty given by 

St < $(t) +$(s), Vt,s>0. (2.1) ^ 

Using the above inequahty, it is possible to prove a Holder type inequality, 
that is, 



uv 
n 



< 2\\u\\q,\\v\\^, y u e L^{^) and V E L^{^). (2.2) \b3_ 



Another important function related to function $, it is the Sobolev's 
conjugate function $* of $ defined by 








pN 



When $(t) = \t\P ioT I < p < N, we have <l>*(i^) = P*^ \t\^ , where p* — j^_ ■ 
Hereafter, we denote by WqL,^{Q) the Orlicz-Sobolev space obtained by 
the completion of C^{Q) with the norm 



|w|| = ||Vw||$ + ||w| 



$. 



When Q = W^ , we use the symbol VF^L$(]R^) to denote the space 

An important property that we must detach is: If $ and $ verifying 
A2-condition, the spaces L$(r2) and VF^L$(]R^) are reflexive and separable. 
Moreover, the A2-condition also implies that 



Un^u in L$(r2) ^^ / $(|m„ - m|) -> (2.3) | CVO 



and 



Un^ u in W L^iyt) -^^ / ^{\un - -ul) -)■ and / ^{\Vun - Vu\) -)> 0. 

Jn Jn , 

(2.4) |CV1 

In the literature, we find some important embeddings involving the Orlicz- 
Sobolev spaces, for example, it is possible to prove that embedding 

W^LJR'') ^ Lij(M^) 



10 



is continuous, if i? is a A^-function verifying 



Bit) J ,. B{t) 

limsup ^ , , < +00 and linisup ^ , , < +00. 

t^O $(t) |i|^+oo ^*{t) 



When the space M is replaced by a bounded domain D and the hmits below 

hold 

Bit) , , B(t) , , I 1 

limsup——— < +00 and limsup ^ , . = 0, (2.5) Ml 

the embedding 

W^L^{D) ^ Lb{D) (2.6) \m_ 

is compact. 

The next four lemmas involving the functions A, A and A^, and theirs 
proofs can be found in [13]. Hereafter, A is the A^- function given in 
introduction and A, A^, are the complement and conjugate functions of A 
respectively. 

Lemma 2.1 The functions A and A satisfy the inequality 

A{a{\t\t))<A{2t), Vt>0. (2.7) ^ 

fT] Lemma 2.2 Assume that (ai) — (02) /ioW and let Co{t) = minjt'jt™'}, 
^i(t) = maxjt^t"^}, /or a// 1 > 0. T/ien, 

eo(p)A(t) < A{pt) < Up)A{t), for p,t>0 

and 

mu\\A)< [ A{\u\)<^i{\\u\\a), for ueLAiR""). 



FO 



F3 



Lemma 2.3 The function A^, satisfies the following inequality 

I* < ^4^ < m* for t ^ 0. 
- A(t) - ^ 



F2 



As an immediate consequence of the Lemma 12. 3[ we have the following result 

Lemma 2.4 Assume that (ai) — (02) hold and let ^2{t) = min{t'*, f^*}, 
^3(t) = max{t'*,t'"*} for allt>0. Then, 

Up)Mt) < A^ipt) < Up)Mt) for p,t > 
and 

Uh\U)< [ MH)dx<UMA,) forueiAM'')- 

JRN 
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3 Results like Strauss and Lions for Orlicz- 
Sobolev spaces 

After the above brief review, we are able to prove our main results involving 
the Orlicz-Sobolev spaces. 

Proof of Strauss' Theorem ( Theorem 11.11 ). First of all, we will 
establish the result for functions in C^(M^). After, by density, we establish 
the result for all radial function in VF^L^(]R^). 

Consider v G C^(M^), \x\ = r and w{r) = v{x). Note that 

A{w{b)) - A{w{r)) = [ (^A{w)] ds yb>r>0. 



Since w G C^([0, oo)), for b large enough, 

/oo 
a{\w\)ww' ds < I a{\w\)\w\\w'\ ds. 

Combining 1^^ with (EZ 

a{\w\)\w\\w'\ < A{a{\w\)\w\) + A{\w'\) < A{2\w\) + A{\w'\). 
By A2-condition, 

a{\w\)\w\\w'\ < KA{\w\) + A{\w'\), 
therefore, 

A{wir)) <{K + 1) [A{\wis)\) + A{\w' is)\)]ds 

J r 

loading to 

A{w{r)) < ^-^^±^ r[A{\w{s)\) + A{\w'{s)\)]s''-'ds, 

' J r 

from where it follows that there is C > such that 

A{v{x))<-^ f [A{\v\) + A{\Vv\)]. 



12 



Since A is a even function, A{v{x)) = A(\v{x)\) for all x G M , and so 

M\v{x)\)<-^ [ [A{\v\) + A{\Vv\)]. 



ixr-i 



From this, 



Hx)\ < A-U j-^ I [Ai\v\) + A{\Vv\)]) VxGM^\{0}, 



|2;jA^-l 



where A ^ denotes the inverse function of A restricts to [0, +00). Now, the 
lemma follows of the density of C^(M^) in W^La(^^). ■ 



Now, we are able to prove the compactness result involving 

rad\. 



W^La -^™^ 



Proof of the compacity Theorem ( Theorem 11.21 ). Let {un} C 
W^LA,rad(M'^) be a sequence verifying 



Un-^0 in W^LA,rad( 



nN\ 



Without loss of generality, we can assume that Un > for all ra G N. From 
(i?i) — (-B2), for each e > and q > I, there is C > such that 

B{t)<e{A{t) + A,{t)) + CA{ty yt>0. (3.1) [bT 

Using Theorem ll.il Lemma I2l2] and the boundedness of {«„} in W^La{^^), 
for each i? > 0, there is C > such that 

A{un{x)y < C I (^_,) + (1,) I in [|a;| > R] and Vn G N. 



IXl "i ■" Ixl ' '^ 



Choosing q large enough, 

^(x) = c(^^ + ^^) GLi([|x|>,5]) V5>0. 

\\X\ ni 1 \X\ I '^ J 

The last inequality combined with Lebesgue's Theorem implies that 



/ A{u^{x)Y ^ 

J\\x\>m 



as n — )■ cxD. 



13 

This limit combined with (13. ip leads to 

B{un) -)■ as n -)■ oo. (3.2) [b2" 



'[\x\>R] 

Observing that (-Bi) — {B2) implies that (12 .5 p — (12. 6 p hold, one have 

W'La{[\x\ < R]) ^ Lb{[\x\ < R]) 
is a compact embedding. Hence, 

B{u„) -)■ as n -)■ 00. (3.3) [bs" 

[|x|<i?] 

From ([32D and f l33|) . 

/ B{un) — ;• as n — 7- 00, 

and the proof of the theorem is complete. ■ 

Proof of the Lions' Theorem ( Theorem 11.31 ). First of all, we observe 
that 



B{\un\)dx = / B{\ Un\)dx+ / B{\un\)dx. 

Jl\un\>k] J[\u„\<k] 

From {B2), given e > 0, there is A; > such that 

B{t) = B{\t\) <eA,{\t\), if |t |>A;, 
which yields 

/ B{\un\)dx<ef A,{\un\)<eC, 

Jl\u„\>k] Jl\Un\>k] 

and so. 



limsup / B{\un\) <eC + limsup / B{\un\)dx. 

n^+00 Jrn ji-s>+oo J[\u„\<k] 



14 



Claiml Claim 3.1 limsup / B{\un\)dx = 

n^+oo J[\un\<k] 



Using this Claim, 



limsup / B{\un\)dx < eC, 

n->-+oo JrN 



from where it follows that 

limsup / B{\ Un \)dx = 

n— >-+oo JuiV 

and so, 

Un — > em Lb{M. ). 

Now, we will prove the Claim 13.11 Setting the function 

Vn{x) = X[\un\<k]{x)Un{x) , 

it is sufficient to show that 

limsup / B{\ Vn \)dx = 0. 

From (A2), there is Mk > such that 



A 



k 



<MkAi\vn\), VneN. 



This combined with Lemma 12.21 asserts 



Jb,(v) ^kJBMv) ^ k J Jb 



k JBn(y) 



'Bniy) 



loading to 

Fixing 

we get 



lim sup 



n— >-+cxi , 



Vn 
k 



Wn = T^, (I Wn |oo< 1), 

k 



lim sup ' I-. I™- 

'Bniy) 



wnr = 0. 



(3.4) ri^ 



(3.5) |W 
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Using again (A2), there is M^ > such that 



5(1 Vr.\)= Bi k^-^ ]<Mu 5(1 Wn I). 

Consequently, the hmit (13 .4^ follows if 

limsup / B{\ Wn \) = 0. 

Claim2 1 Claim 3.2 For all a > 1 and neN, A{\ «;„ |°) G ^^^'^(M^). 
Indeed, since | Wn |oo< 1 and w„ G VF^L^(M^), 

/ A{\Wnn< [ A{\Wnr'\Wn\)< [ A{\ Wn \) < +00 

and 

/ I V{A{\ Wn D) \ < a [ a{\Wn D | W^ H Wn r'\ VWn \ 

Jrn Jlgiv 

< a a{\ Wn r) I Wn ri ^Wn \< +00. 

By Sobolev embedding. 

Therefore, there exists C > such that 

A{\ Wn n^] " < c / (I vA(i I/;, r) I +A{\ Wn n) ■ 

Bniy) / JBRiy) 

Since by Lemma 12.21 

Ai\t\)>co\tr, VtG[-l,l], 
it follows that 

< C I (a(| Wn\)\Wn\\ VWn \ +A{\ Wn |)) • 

JBniv) 
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Next, let us fix a > large enough and p = ^ + ma. Thereby, 

JBnM JB, 



in \'n\ w I"*" 



'BR{y) JBrXv) 



1^ I r mcArX '^ 



'BRiy) / \JBR{y) 



Byim, 



a 



N 

WnD < e, 

BrXv) 

N 



for n large enough and for all y G M . Hence, there is no G N such that 

I Wn \^< eci / fn, n> no and y E M^, 

BR{y) JBRiy) 

where 

/„ = a{\ Wn\)\Wn\\ VWn \ +A{\ Wn |). 

Now, we set {yj}jeN C M^ such that M^ = UjeN-Bij(yj) and each point of 
M^ is contained in at most k balls. Then, 



- ^^J2 fnXBRiy,) < eCi /n^XSfl 



As {un} is bounded in ly-'^LA(M^), the sequence {/„,} is bounded in L^(]R^) 
This way, the last inequality gives 

Wn — > em L^{K j, 
for p large enough. On the other hand, 

I UJn \Z= I I Wn r< Co /" A(| Wn\)<C,ne N, 



17 

from where it follows that {u7„} is bounded in L"^(M.^). By interpolation, 

Wn "^°° and L'?(M^), q > m, 

in particular, 

Wn "^" in L'*(R^) and L'"*(R^). (3.6) 

By Lemma [2.41 

A,{t) < C{\tr* + \tf) Vt G M^. 

This combined with (13 .6^ gives 

A(| Wn I) -^0. 

r 

From (Bi) — {B2), given e > 0, there exists C^ > verifying 

B{\t\)<eA{\t\) + aA,{\t\), teR. 
Thus, 

/ B{\wn\) < ef A{\wn\) + cJ A,{\Wn\) 

JrN JjJiV J^N 

< eC + a f A,i\w^\), 

Jrn 

from where it follows that 

limsup / 5(1 w„ I) < eC Ve > 0, 

showing that 



n— f+00 



limsup / B{\ Wn \) = 0, 

n—>+oo JrN 



wn 



that is, 

Wn "^" em Lb(R^), 

finishing the proof of lemma. ■ 

Proof of the compactness theorem involving the group 0{N) ( see 
Theorem 11.41 ) 
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The proof follows the same arguments used in Willem [231 Theorem 1.24], 
when I Wrap is replaced by A(|Mra|). Here, we will make a sketch of the proof 
for convenience of the reader. 

Let {un} be an sequence in WqqLa{^) with 

«ra ^ in WlaLAi^)- 

Without loss of generality, we can assume that {w„} C WqLa{^'^) by 
supposing that Un{x) = for all x G fi'^. 
From definition of m{y, r, G), 



sup / A{\Un\) 

, A{\un\) < " -^r ^N Vn G N and 2/ G R^ . 
'Briy) m{y,r,G) 

Once that Vt is compatible with G, given e > 0, there is /? > such that 

sup / A{\un\) < e, Vn G N. (3.7) [woo" 

\y\>RJBr(y) 

On the other hand, one have 

Br{y) d BR+r{()) yyeBniO) 
which implies that 

sup / A{\un\) < I A{\Un\). (3.8) ^ 

\y\<RJBr{y) JBr+,{0) 

ByiEBl), 

Un^O in La(5r+,.(0)) 

that is, 

/ A{\un\)^0. (3.9) 

Thereby, from (13. 8p and (13.91) . there exists tiq G N such that 



Wl 



sup / ^(|tt„|) < e \/n > uq. 

\y\<RJBr(y) 



Hence, from (ET]) and (jSS]), 



lim sup / y4.(|tt„|) = 0. 
'^^+^ye^^ Jsaiy) 

Now, the result follows applying the Theorem 11.31 
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4 Existence of solutions for problem (P) 

In this section, we will use the results obtained in the previous section to 
prove Theorem ll.5[ Hereafter, let us denote by J : VF^L^(M^) — > R the 
energy functional related to (P) given by 

J{u)= I A{\Wu\)+ I V{x)A{\u\)- I F{u). 
A direct computation shows that J e C^(W^^L^(M^),M) with 

J'{u)(j)= [ a{\Vu\)VuV(j)+ f V{x)a{\u\)u(l)- f f{u)(P, 

Jr^ Jr'v J^n 

for all (j) e W^La{R^). 

Our goal is looking for critical of functional J, because their critical points 
are weak solutions for (P). Next, we will show that J verifies some properties, 
which hold in both W^La_(M.^) and Xr, where 

Xr=ltieW'LAM^'')-^ [ V{x)A{\u\)<+oo 
endowed with the norm 

II^IU, = ||Vu||a+ \\u\\v,a 
with 



p||y,A 



w{a>0:/^^t/WA(M)<i}, 



In what follows, to avoid repetition, we will use E to denote one of above 
spaces. 

passo I Lemma 4.1 //(ai) — (02), (/i) — (/2) and (Vi) hold, the functional J satisfies 
the following conditions: 
(i) There exist p, r] > 0, such that J{u) > r], if \\u\\ = p. 

(11) For any (p e C^{R^) \ {0}, J{t(f)) ^ -00 as t ^ +00. 
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Proof, (i) From assumptions (/i) — (/2), given e > 0, there exists C^ > 
such that 

< f{t)t < ea(|t|)|tp + aa,(|t|)|tp Vt G M. 
From (tti) and Lemma [2 .St it follows that 

< fit)t < €mA{\t\) + C,m*A^{\t\) Vt G R. (4.1) 

Using (/g), 

0<F{t)<—A{\t\) + CA,{\t\) "iteR. (4.2) 

From (112D and (Fi), 

J(^)>/ A{\Vu\) + {Vo-'-^) f A{\u\)-C[ A{\u\). 

Hence, from Lemmas 12.21 and 12.41 

J{u) > Ci (^odl Vm|U) + UMa)) - C2UMU). 
Choosing p > such that 

||n|| = II V-uIIa + II^^JU = P < 1 and 11^11^, < C'|| Vti||A < p < 1, 

we obtain 

Jiu)>C,i\\Vu\\'2+\\un)-C2\\u\\'l, 

which yields 

J(u)>C3||M|r-C4||M||'*, 

for some positive constants C3 and C4. Since < m < /*, there exists r] > 
such that 

J(u) > rj for all ||w|| = p. 

(ii) From (/a), there exist C5, Cg > such that 

F{t) > C^ltf - Ce, for all t G M. 
Fixing (f) G C^{R^) \ {0}, the last inequality leads to 

Jm < 6(t)(ei(ll V0IU) + ei(ll0lU)) - C,t' [ \<p\' + Cesuppc/). 
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Thus, for t sufficient large, 



J(t0) < r (6(11 V0IU) + ei(ll0IU)) - Cst^ 



Since m < 6, the resuh follows. 



+ Cesupp^. 



Now, in view of the last lemma, we can apply a version of Mountain Pass 
Theorem without the Palais-Smale condition found in [23j to get a sequence 
{un} C E verifying 



J(m„) — )■ c and J'iun) — ;■ as n — )• oo, 
where level c is characterized by 

c = inf max J {lit)) > 

7ertg[o,i] 

and r = {7 G C([0, 1],E): J(0) = and J(7(l)) < 0}. 



(4.3) 



NPM 



doisitens Lemma 4.2 Let {Vn} be a {PS)d sequence for J. Then, {Vn} is a bounded 
sequence in E. 

Proof. Since {vn} is a {PS)d sequence for the functional J, there is C > 
such that 

C(l + \\Vn\\) > J{Vn) - -^J'{Vr,)Vr,, Wu G N. 



From (/a). 



Cil+\\Vn\\) > ( V^) / Ai\VVn\) + V{x)A{\Vn\) 



> 



m 



)A{1) 



eo(iivw„iu) + Voeo(ii^niu) 



Suppose for contradiction that, up to a subsequence, ||f„|| — t- +00. This way, 
we need to study the following situations: 



a) llVi'mlU — ^ +00 and ||v„| 



-00 
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b) ||Vf„||A — ^ +00 and llt^nJU is bounded 

c) ||Vf„||^ is bounded and H'L'nlU ~^ +cxd. 

In the first case, the Lemma 12.41 imphes that 



C(l + ||t;„||)>Ci 



\VVn\\A + Vo\\Vn\ 



>Co\\vj' 



for n large enough, which is an absurd. 

In case b), we have for n large enough 

^3(1 + W^VnU) > C(l + ||^„,||) > C2||Vi;„||^, 
which is an absurd again. The last case is similar to the case b). 



Using the fact E is reflexive, it follows from Lemma [4.21 that there exists 
a subsequence of {un}, still denoted by itself, and u E E such that 



Ur. 



u in E. 



gradiente Lemma 4.3 The sequence {un} satisfies the following limit 

Vm„(x) " — ?° \/u{x) a.e in M^. 
As a consequence, we deduce thatu is a critical point for J , that is, J'{u) = 0. 
Proof. We begin this proof observing that condition (ai) yields 

{a{\ X \)x - a{\ y \)y) {x - y) > 0, Vx, y eR^ with x ^ y. (4.4) 

Given R > 0, let us consider ^ = ^r E C^(R^) satisfying 

< e < l,e = 1 in Br{0) and supp(0 C B^RiO). 
Using the above informations, 

< 



(a(| VUn \jVUn 



Br{0) 



< 



a{\ Vu |)Vm)(Vm„- Vm) 
a{\ Vun \)Vun - a{\ Vu \)Vu) {Vun - Vw)^ 



monot 



(4.5) 



/ a{\Vun\)Vun{Vun-Vu)^- a(| Vm |) Vm(Vw„ - Vm)^ 

JBoaiO) JBoam 



B2r{0) 
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Now, combining the boundedness of {(«„ — 'w)0 i^i E with the hmit 
II J'(n„)|| = o„(l), it follows that 



Onil] 



a{\ WUn |)Vm„V {(Un - U)() + / V{x)a{\ Un \)Un{Un - u)^ 

B2i?,(0) Jb2r{0) 



f{Un){Un-u)i. 
B2r{0) 

Note that {a(| Un \)un} is bounded in L ^{B2r{Q)) , because 



(4.6) 



A{a{\ Un \)Un) < A{2\Un\)< A{\ Un \) < +00. 

B2fl(0) -'B2fl{0) Jb2r(0) 



From this 



V{x)a{\ Un \)Un{Un-u)^ 



B2bX0) 



< / I V{x) II a{\ Un \)Un I \Un-u\ 
Jb2r(0) 

< IV'loo II a(| Un I) I Un \\\ a,B2r(0)\\ ^n - U |U,i?2fl(0) 

< Ci\\Un-U \\a,B2r{0)^ 0. (4.7) 



On the other hand, using again the boundedness of (m„). 



A^{a^:{un)un)dx < / A(2-u„) < C2, n e N, 

B2r{0) JB2r{0) 

implying that {a^{un)un} is bounded in La.^{B2r{0)). Since 

f{Un){Un-u)^ < e[ / I a(| n„ |)W„ II M„ -M I 

+ / I a^{Un)Un \\Un- u\\ + Ci I \ U„. - U 

Jb2r{0) ^ JB2r{0) 

< e II a{\ Un \)Un \\a,B2r(0)\\ Un'U \\a,B2r(0) (4-^ 

+eC2 II a^,{Un)Un |Ix,B2_r(0)II Un — U ||A,,B2fl(0) 

+C3 II -Un — M \\a,B2r(0), 

the boundedness of {un} , {a{un)un} and {a*(M„)'u„} in 
-^A(-B2i?(0)), L^(i?2i?(0)) and Lj (-02^(0)) respectively lead to 



f{Un){Un-u)^ 



B2r{0) 



< eC4 + C3 II w„ - M \\a,B2r(o) ■ 
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Now, using the convergence of {u„} to u in La{B2r{0)), 



'B2r{0) 

A similar idea can be use to establish the limit 



^0. 



[ a{\ Vun \)VunVi 

JB2r{0) 



{{Un-U)) ^0. 



(4.9) |lim2 



(4.10) 



Moreover, the weak convergence of {un} to u in W^LaC^^) gives 



/ ^a{\Vu\)Vu{Vun-Vu) ^0. 

JB2r{0) 



(4.11) [liii^ 



From flT5|) -f l4TT|) . 



[a{\ Vun \)Vun - a{\ Vu \)Vu) {Vun - Vu) -^ 0. 



Bfl{0) 



Setting /3 : M^ ^ M^ by 

I3{x) = a{\ Vx \)Vx, X G M^, 

the last limit imply that for some subsequence, still denoted by itself, 

(/3(Vw„(x)) - f3(yu{x))) (Vunix) - Vu{x)) -> a.e in S^(0). 

Applying a result found in Dal Maso and Murat [7J, it follows that 

Vun{x) — )■ Vtt(x) a.e in -8^(0) 

for each R > 0. As Ris arbitrary, there is a subsequence of {?/„}, still denoted 
by itself, such that 

Vun{x) -)■ Vu{x) a.e in R^ . 

From this, 

/ a{\Vun\)VunVv -^ / a{\Vu\)VuVv. 

for all V & Ec = {v & E : v has compact support }. Once that 



V{x)a{\un\)unV — t- / V{x)a{\u\)uv 
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and 



f{Un)v -^ / f{u)v, 

it follows that 

J'(u)v = yv e E^. 

Now, the lemma follows using the fact that E^ is dense in E. m 

4.1 Proof of Theorem 11.51 

We will prove the Theorem 11.51 studying firstly the radial case, and after, the 
periodic case. 

The radial case: 

For the radial case, we begin showing the following lemma 



ergencia de f Claim 4.1 Let {«„} the sequence given in (^7^. // (/i) — (/2) hold, one 
have 



f{Un)Un -^ / f{u)u. 

Jrn 
Indeed, as {un} is a bounded sequence in W^LA^radiM'^), 



sup / (A(m„) + A{Un)) < +00. 
nGN JlRJV 

Moreover, by hypotheses (/i) — (/2), function P{t) = f{t)t verifies the limit 

P(t) Pit) 
hm — — -— - = and lim — — -— - = 0. 

\t\^Q A{t) + A^t) \t\^+oc A{t) + A^{t) 

Since 

Un{x) —^ as |a;| — 7- +oo, uniformly with respect to n, 

it follows from [3l Theorem A.I], 



f{Un)Un -^ I f{u)u 

proving the claim. 



26 

Recalling that J'{un)un = o„(l), or equivalently, 

{a{\VUn\)\VUn\^ + V{x)a{\Un\)\Un\^) = / /(m„)w„ + 0„(1) 

Jrn 
we derive from Claim WA] 

lim / (a(|VM„|)|VM„P + \/(a;)a(|u„|)|w„n= / f{u)u. 
Using the fact that J'{u)u = 0, it follows that 
lim [ (a(|Vu„|)|V«„p+T/(x)a(|t/J)|u„n= f {a{\Vu\)\Vu\^+V{x)a{\u\)\u\ 

Once that 

Vun{x) — > Vu{x) and Un(2;) — ^ ^(a;) a-e in M^, 
we conclude that 

a(|Vw„|)|VMn|^^a(|VM|)|Vw|^ in L\R^) 

and 

y(x)a(|M„|)|M„|2^ \/(x)a(|M|)|Mp in ^^(M^). 

These limits combined with (02) yields 



/ A{\Vun-Vu\)^0 



and 

A{\Un-u\)^0. 



Hence, by ([23D 

M„^M in W^LaM^"") 

and thus 

J(m) = c > and J'('u) = 0, 

showing that m is a critical point of J in W^LA,rad{^^)- Now, using 
a principle of symmetric criticality on Reflexive Banach spaces due to 



27 



de Morals Filho, Do O and Souto [8], we have that m is a critical point 
of J in VF^La(M^), and so, -u is a nontrivial solution for problem (P). 

The periodic case 



By Lemma [4. 3[ we know that weak limit u of the sequence {ii„} given in 
(14.31) is a critical point for J . If u 7^ 0, the theorem is proved. However, if 
li = 0, we have the following claim: 



af irmacao2 Claim 4.2 There are i?, a > and a sequence (i/n) C M verifying 



liminf sup / A{un) > a > 0. (4.12) 



In fact, if the above claim does not hold, by using Theorem II. 3[ we derive 
the limit 



[ B{\u,\)^Q (4.13) ^ 



for any A^-function B satisfying {Bi) — {B2). Fixing a A^-function B satisfying 
(Bi) — (-B2), it follows from (/i) — (/2) that given e > 0, there exists C^ > 
such that 

\fiun)un\ < e(A(|M„|) + A,{\un\)) + a5(|M„|) Vn G N. 

Thereby, the above inequality together with (14.131) gives 



f{Un)Un -^ 0. 

Recalling that J'{un)Un = o.„(l), that is, 

/ a(|Vw„|)|V^z„|^ = / /(m„)m„ + o„(l) 
we obtain 



a{\Vun\)\Vun\^ ^ 0. 
The last limit together with (02) gives 
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implying that (tt„) converges strongly to zero, leading to c = 0, which is an 
absurd. Thus, the limit f l4.12p holds and the claim is proved. 

By a routine calculus, we may assume that (?/„) C Z'^ . Now, letting 
Un{x) = Un{x — i/n) , siucc V IS Z-^-periodic function, one have 

\\Un\\ = \\Un\\, JiUn) = J{Un) and J' (Un) = 0. 

Then, there exists u such that m„ ^ U weakly in W^La(^^), and as before, 
it follows that J'{u) = 0. Now, by (14121) . 

A{un) >a>Q 

Br{0) 

which together with the compact embeddings yields 

/ A{u) > a > 
showing that u ^ 0, and thereby, finishing the proof of the Theorem 11.51 ■ 
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